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The majority of investigations characterizing the motion of single or multiple particles in fluid
flows consider canonical body shapes, such as spheres, cylinders, discs, etc. However, protrusions on
bodies – being either as surface imperfections or appendages that serve a function – are ubiquitous
in both nature and applications. In this work, we characterize how the dynamics of a sphere
with an axis-symmetric wake is modified in the presence of thin three-dimensional elliptic-shaped
protrusions. By investigating a wide range of three-dimensional appendages with different aspect
ratios and lengths, we clearly show that the sphere with an appendage may robustly undergo an
inverted-pendulum-like (IPL) instability. This means that the position of the appendage placed
behind the sphere and aligned with the free-stream direction is unstable, in a similar way that an
inverted pendulum is unstable under gravity. Due to this instability, non-trivial forces are generated
on the body, leading to turn and drift, if the body is free to fall under gravity. Moreover, we identify
the aspect ratio and length of the appendage that induces the largest side force on the sphere, and
therefore also the largest drift for a freely falling body. Finally, we explain the physical mechanisms
behind these observations in the context of the IPL instability, i.e., the balance between surface
area of the appendage exposed to reversed flow in the wake and the surface area of the appendage
exposed to fast free-stream flow.
I. INTRODUCTION
Organisms make use of sophisticated passive control techniques by exploiting fluid-structure interaction instabilities
and mechanisms [1]. One may divide these techniques into two categories; first, in which the fluid interacts with a
complex surface (scales, hairs) distributed over a portion of a body, and second, in which the fluid interacts locally
with isolated appendages (tails, pop-up feathers, etc). It is becoming clear that organisms can via both surfaces and
appendages aid their locomotion (reducing drag/increasing lift), increase insulation (air-retention properties, heat
transfer) or induce self-cleaning properties. How such properties are induced by the passive interaction of fluids and
structures has only recently become known and is rapidly providing fuel for innovations. One example is represented
by leading-edge tubercles inspired from the humpback whale [2]. The wave-like modulation of the leading edge of
an aerofoil is able to improve lift and drag characteristics as well as delay stall. Recently, tubercles has been also
investigated as potential improvements for compressor aerofoils [3] and hydrofoils [4].
In this work, we focus on how a single three-dimensional appendage interacts with steady and separated wake
flows. We envision a passive control technique based on the precise design of body appendages in order to modify the
force distribution around the appendage-less body in a desired way. This paper presents a significant step towards
this aim by characterizing how thin elliptic-shaped appendages modify the pressure distribution around a sphere at a
Reynolds number around 200. We focus, in particular, on a symmetry-breaking instability [5] of the straight position
(i.e., aligned with the incoming flow direction) of the appendage, which creates a significant side force, while often
keeping the drag force essentially unmodified or even reduced.
This work illustrates that protrusions may have a significant effect on the path taken by free-falling objects by
inducing additional instabilities arising from non-trivial interactions with surrounding fluid. As the review by Ern
et al.[6] demonstrates, already canonical bodies (spheres, cylinders, disks, plates or bubbles) may have complex
falling/rising paths (tumbling, drifting, oscillating) depending on the density ratio. The paths taken by canonical
freely falling bodies are still actively researched [7–9]. However, both in practical applications as well as in nature,
bodies are not perfectly spherical, cylindrical etc; therefore the sensitivity of the falling paths to protrusions and
corrugations of various shapes and sizes is an important – but scarcely investigated – issue.
Protrusions are not only interesting to investigate because of imperfections, but also because they may serve a
function of their own. The understanding of path generation mechanisms behind freely falling bodies can, for example,
give important insights into seed dispersal. The focus on this work is on a protrusion-induced instability [10], which
has a significant effect on both falling and fixed bodies as explained by La¯cis et al.[5]. In that paper it was shown that,
when a sufficiently short splitter plate is attached to hind end of a free falling two-dimensional cylinder, the body
turns and drifts. The instability of the straight position of the splitter plate was explained in [5] by a semi-empirical
model based on an analogy to the instability of the upright position of an inverted pendulum system. The same
model has been used to understand the behaviour of very thin elastic filament in a wake behind a three-dimensional
circular cylinder by Brosse et al.[11]. The present work extends [5] by characterizing three-dimensional elliptic-shaped
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FIG. 1. Left frame (a) shows an instantaneous snapshot of the flow around freely falling cylinder with splitter plate using
contour lines of the vorticity field. Parameters are ρs/ρf = 1.01, Re = 156 and L = D. The body turns θ = 19
◦ and drifts
α = 8◦ with respect to a vertical line. Frames (b) and (c) show, respectively, turn and drift angles for different splitter plate
lengths for a freely falling body at ρs/ρf = 1.001 and Re = 45. The red dots correspond to numerical simulations, and the blue
line to angles predicted by the IPL model. Figure adapted from [5].
appendages for a wide range of aspect ratios behind a sphere. The numerical results clearly show the presence of the
inverted-pendulum-like (IPL) instability. Therefore, we will use the IPL model to qualitatively explain the physical
mechanisms behind the numerical results that are presented. In particular, the IPL model provides the necessary
physical intuition to explain - among other things – why an appendage of a given shape and size provides a larger
drift compared to other appendages.
This paper is organized as follows. In section II, we summarize the assumptions leading to the IPL model as well
as the physical understanding gained by the model. This lays the foundation for explaining the numerical results
presented in remaining part of the paper. In section III, the parameters determining the geometry of the appendages
are presented and the numerical flow solver is briefly explained as well as validated with respect to other works for the
steady and axisymmetric flow behind a sphere at Re = 200. Then, in section IV, we show the appearance of the IPL
instability for two very different appendages; first (second) that mainly extends in the parallel (transverse) direction
of the free-stream. The behaviour of the forces on the bodies is explained and the role of the appendage shape with
respect to the shape of the back-flow region of the wake is discussed. In section V, we conduct a parametric study
over a range of appendage shapes and identify shapes that do not undergo IPL, shapes that undergo IPL instability
and increase drag force and shapes that undergo IPL instability and essentially keep the drag unmodified (or even
slightly reduced). The article is finalized with conclusions in section VI.
II. INVERTED-PENDULUM-LIKE INSTABILITY IN TWO DIMENSIONS
We start by providing an example taken from La¯cis et al.[5] that demonstrates the inverted-pendulum-like (IPL)
fluid-structure-interaction instability. They considered a two-dimensional cylinder with a clamped rigid splitter plate
as illustrated in Fig. 1a. The length of the splitter plate is L = D, where D is the diameter of the cylinder. The
body density ratio with respect to the surrounding fluid is ρs/ρf = 1.01, where ρs is the density of the body and ρf is
the density of the fluid. When the body is released in a fluid at rest, it will, after a transient motion, reach a steady
falling velocity Uf . The Reynolds number based on Uf for this particular example is Re = ρfDUf/µ = 156, which
means that the wake behind the body is unsteady. A snapshot of vorticity isocontours around the falling body in
the non-transient region is shown in Fig. 1a, where the vortex shedding is clearly visible. Due to the presence of the
splitter plate, the body is drifting to the left with an angle α = 8◦. The body has also turned by an angle of θ = 19◦
with respect to the direction of motion. Note that the trajectory is still oscillatory due to the von Ka´rman vortex
street. The drift direction is always in the same direction as the splitter-plate is tilted, whereas the turn direction
depends on the initial condition. Figs. 1b and c show how the drift and turn angles depend on the length of splitter
plate for ρs/ρf = 1.001 and Re = 45. From both these plots one can observe that if the plate becomes shorter than
the critical length Lc = 1.9D, the body turns and a non-zero drift is generated. We also observe that for very short
appendages, the turn angle approaches some finite value, which is close to the wake attachment angle θa ≈ 55◦ for
the cylinder alone. The drift angle, on the other hand, has a maximum value for intermediate plate lengths, and
approaches zero drift for very small appendages. This is expected, since the cylinder alone does not exhibit any
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FIG. 2. Left frame (a) shows a sketch of an inverted-pendulum, where the vertical position is unstable. Frame (b) shows an
analogous fluid problem, consisting of a cylinder and splitter plate exposed to incoming flow U∞. Instead of the gravitational
force, pressure force arising due to the reverse flow UR in the wake of the cylinder act as destabilizing force, turning the plate
out of the back flow region, either to the right or to the left. In frame (c), the quantities defined within the IPL model are
shown. The model of back flow region (MBFR) is shown in gray color. Figure adapted from [5].
transverse motion.
II.1. Analogy to an inverted pendulum
The observations above can be explained by a simple – yet quantitative – model based on an analogy to an inverted
pendulum confined between two vertical walls. The sketch in Fig. 2a shows a pendulum consisting of a circular
cylinder and a plate. The body is free to rotate around the center of the cylinder, which is some distance below the
center of mass of the pendulum. The straight vertical position of the pendulum is thus an unstable equilibrium and
any small disturbance will make it fall either to left or to the right. The fluid-structure-interaction mechanism of the
freely falling body is similar; the only difference is that instead of gravitational forces the pressure forces are acting
on the plate to destabilize it – as illustrated in Fig. 2b. In other words, if the splitter plate is sufficiently short, in
the presence of a small disturbance the pressure forces will turn the splitter plate out of the back flow region (i.e.,
the region with a significant reversed flow behind the cylinder). However, as the plate is pushed out of the back flow
region, it is exposed to forward flow, which provides a stabilizing force and acts in a similar way as the wall acts for
the inverted pendulum (Fig. 2a).
In order to obtain more quantitative predictions, a model of the back flow region can be defined as shown in Fig. 2c.
Here, B (θ) is the distance from the cylinder surface to the point on the plate where the normal force on the plate
changes sign. Fig. 3a shows these points (with black dots) on the plate identified from a series of simulations of the
flow around cylinder with splitter plate at various equilibrium turn angles. It is however not always possible – for
example, in many experiments – to directly evaluate the force distribution on the appendage. An estimate of the
back flow region can be made from simulations or experimental measurements of the wake of a body without the
appendage. This is based on the assumption that the thin appendage modifies the wake only locally. Under further
assumptions provided in [5], the direction of the normal force is determined by velocity component normal to the
plate, which in this set-up is the azimuthal velocity uθ. Contour lines of zero azimuthal velocity uθ = 0 is shown
with a green line in Fig. 3b. One can see that the estimate obtained from uθ = 0 condition provides the shape of the
back flow region, but overestimates its length. This condition, however, provides a more accurate estimate compared
to recirculation bubble. The length of the recirculation bubble can be obtained using negative stream-wise velocity
at x = 0, which leads to a model back flow region approximately twice as big compared to the one predicted by the
azimuthal velocity.
Given a model of back flow region (MBFR), the splitter plate is divided into two parts; the part inside the MBFR,
where the normal force F+n acts in destabilizing direction or generates turn of the body; and the part outside of the
MBFR, where the normal force F−n acts in stabilizing direction or opposes the turn of the body. The stabilizing force
is defined as
F−n = −2 sin(θ)CAρfU2∞ [L−B (θ)] , (1)
where [L−B (θ)] is the length of the plate outside of the MBFR. The parameter CA is the force law calibration
coefficient. The destabilizing force is defined as
F+n = 2k sin(θ)CAρfU
2
∞B (θ) , (2)
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FIG. 3. Frame (a) shows results obtained from direct numerical simulations for fixed cylinder with splitter plate at equilibrium
(zero-torque) turn angles. The point at which the normal force on the plate changes direction is marked using black star. Frame
(b) shows the flow field obtained from numerical simulation around cylinder alone. Black lines are streamlines and the green
line is contour line of zero azimuthal velocity uθ = 0. Figure adapted from [5].
where B (θ) is the length of the plate inside the MBFR. Here, k > 0 is a calibration coefficient describing the averaged
magnitude of the force on the inner part of the splitter plate relative to the outer part. It can be shown that these
force expressions are a special case of a commonly used model for describing the forces on a freely falling plate [12, 13].
Both calibration coefficients CA and k can be estimated with reasonable accuracy from measurements of the wake
without a splitter plate [5].
II.2. Drift and turn angles
Using the model of normal forces, we can obtain equilibria angles by finding zero torque around the center of the
cylinder. The total torque due to the splitter plate around the center of cylinder is
T (θ) = F+n
[
D
2
+
B (θ)
2
]
+ F−n
[
D
2
+
B (θ)
2
+
L
2
]
. (3)
To construct the torque expression, it has been assumed that the force on the plate is located at the center of each
segment of the plate, as illustrated in Fig. 2c. Inserting the expressions for normal forces into (3), we obtain
T (θ) = sin (θ)
{
(1 + k)
[
Bˆ2 (θ) + Bˆ (θ)
]
− Lˆ2 − Lˆ
}
CAρfU
2
∞D
2, (4)
where Bˆ = B/D and Lˆ = L/D. By choosing an appropriate value for k based on appendage-free wake measurement,
one can find equilibrium torque angles θ0 (i.e., angles for which T (θ0) = 0) for each splitter plate length. The results
from the IPL model are compared to the DNS results of freely falling cylinder with splitter plate at Re = 45 in Fig. 1b,
where we observe that the agreement is good. The straight vertical position (θ0 = 0
◦) looses it stability as the splitter
plate length becomes shorter than a critical value Lc. The turn angle θ0 thus refers to a non-trivial equilibrium angle
of equation (4) that exists for L < Lc.
The forces on the splitter plate can be used to predict the total drift force acting on the whole body, which can be
expressed as
Fdrift (θ0) = −C˜A cos (θ0)
(
F+n + F
−
n
)
,
where C˜A is modified force calibration coefficient explained in [5]. The associated drift angle [14] α is obtained from
the ratio of the drift force to the drag force, i.e.
α ' arctan
(
Fdrift
Fdrag
)
. (5)
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FIG. 4. Frame (a) shows the body consisting of a sphere and a planar, elliptical appendage (with aspect ratio A = 0.7 and
length L = 0.7D) falling freely under the influence of gravity. Frame (b) shows the same body in a fixed framework, where
the body is exposed to a constant free-stream velocity. Figure (b) also defines the drift (or lift) force Fdrift and the drag force
on the body. The angle, α, between the total force and free stream direction in (b) corresponds to the drift angle in (a). The
equilibrium angle θ0 in (b) corresponds to the turn angle in (a).
The drift angle is positive α > 0 if the turn angle is positive θ0 > 0 and vice-versa and in both cases the drift is
in the direction to which the plate is turned. The drift angles obtained from the IPL model are compared to DNS
of freely falling cylinder with splitter plate at Re = 45 in Fig. 1c, where again a good agreement is observed. The
model plots in Fig. 1 has been produced using coefficient values C˜A = Fdrag/(2ρfU
2
∞D) and k = 0.90. The back flow
region is modelled as an half-ellipse attached to the cylinder at angle θa = 55
◦ with the distance between the cylinder
and the tip of the ellipse B (0) = 1.26D. These coefficients, as described in [5], has been calibrated with respect to
direct numerical simulations. The drag force Fdrag is not explicitly used, because it is cancelled out, when taking
ratio between the drift and drag forces. In the remaining part of this work, we explore the additional freedoms which
a third dimension introduces by considering various shapes of the appendages.
III. THREE-DIMENSIONAL CONFIGURATION AND NUMERICAL PROCEDURE
III.1. Geometry of a freely falling body
Fig. 4a shows schematically the configuration of a sphere with an appendage falling freely under gravity in still
fluid. We are interested in characterizing the drift and turn angles, as defined in the figure, for appendages of different
shapes and sizes. We define turn as rotation around the y-axis and drift as translation in the z direction.
In order to take the first step in characterizing appendage-induced instabilities, we make two major simplifications.
First, we limit ourselves to planar appendages that are shaped as ellipses with semi-major axis s1 and a semi-minor
axis s2 as shown in Fig. 5a. The parameters defining the geometry of the body are thus the sphere diameter D = 2R,
length of the appendage L as measured from the back of the sphere, and the aspect ratio A = s2/s1 of the ellipse.
The elliptic appendage is aligned in such a way that one quadrant of the ellipse coincides with the center of the
sphere. Therefore, the actual appendage shape is only the part of the ellipse that extrudes the sphere. Given these
parameters, the length of ellipse semi-axis can be recovered as
s1 =
1
2
(
D
2
+ L
)
,
in the direction normal to the surface of the sphere and s2 = As1 in the direction tangential to the surface of the
sphere. The thickness of the appendage (Fig. 5b) will be kept constant ∆s = 0.02D with respect to the diameter of
the sphere.
The second simplification is related to the fact that the general problem as illustrated in Fig. 4a is very challenging
numerically, in particular at low density ratios [15] where wake induced oscillations of the body exist [6]. In this
work, we limit our investigations to sufficiently low Reynolds numbers such that the wake behind the sphere is steady
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FIG. 5. Frames (a) and (b) show a top-view and side-view of the body under investigation, respectively. The center of sphere
and origin of the coordinate system is denoted by O. Frame (c) shows the rotation of the body around the y-axis by some turn
angle θ.
but sufficiently large Reynolds numbers such that a significant recirculation region exists, i.e. Re = 200. In this
way, we avoid non-trivial dynamic interactions between the motion of the body and the generated wake that may
exist in time-dependent wakes. We can thus focus our attention on the instability generated by the appendage alone.
Therefore the problem of freely falling body with a constant velocity is replaced with a fixed body exposed to a
constant free-stream velocity as shown in Fig. 4b. It thus follows that all the degrees of freedoms of the rigid-body
dynamics are constrained; the rotation around y-axis is modelled by considering the body at various turn angles. This
approach is similar to the analysis carried out by Fabre et al.[16, 17]. They also consider steady flow problems and
relate the solution to the problem of freely falling body. In order to investigate flow structures responsible for oblique
falling paths, they also carry out weakly non-linear expansion in turn angle relative to the incoming flow velocity.
III.2. Numerical procedure
The flow around a fixed body in an open domain exposed to uniform incoming free stream velocity U∞ is governed
by the incompressible Navier-Stokes equations,
ρf (∂tu + (u · ∇)u) = −∇p+ µ∆u,
∇ · u = 0,
where u = (u, v, w) is the flow field and p is the pressure field, both described in standard Eulerian coordinates. Here,
µ is the fluid viscosity. The Reynolds number of the flow is defined based on free-stream velocity and the sphere
diameter, which is Re = ρfU∞D/µ. As mentioned before, we set the Reynolds number to Re = 200 throughout all
this work.
To solve the equations above, we use the open-source finite-volume based flow solver OpenFOAM [18, 19]. The body
is surrounded by a large rectangular box, with dimensions x ∈ [−10D, 30D], y ∈ [−10D, 10D] and z ∈ [−10D, 10D].
At the inlet plane x = −10D, a uniform free stream velocity is imposed as a Dirichlet boundary condition. At the outlet
plane x = 30D, a convective outflow boundary condition is used, whereas at the lateral sides of the computational
domain, slip boundary conditions are employed. To obtain the solution, we use the steady state solver simpleFoam.
Central differencing scheme is employed for the diffusion term and gradients while the convective term is discretized
using a second order upwind scheme. The resulting linear systems arising from discretized equations are solved
using geometric-algebraic multi-grid (GAMG) and Gauss-Seidel solvers for pressure and velocity, respectively. The
pressure-velocity coupling is handled by an algorithm, which is known as the semi-implicit method for pressure-linked
equations (SIMPLE). When the residual value becomes smaller than 10−6 (or after 2000 iterations, by confirming
that the residual trends show convergence) for both pressure and velocity, the iterative algorithm is stopped.
The computational domain is meshed with cartesianMesh, a mesh generator from the cfMesh [23] suite. It
produces a predominantly hexahedral, body-fitted mesh with local refinement regions. The grid resolution is refined
closer to the body, using six refinement levels (from each level to the next one, the mesh spacing is halved). We
consider three different cases with mesh spacing 0.8D (mesh A), 0.4D (mesh B) and 0.2D (mesh C) at the outer
boundaries of computational domain. We validate the numerical scheme using the flow around a sphere without an
appendage. The obtained drag coefficient Cdrag and length of the wake Lwake using all three meshes are compared to
literature [20–22] in Tab. I. Fig. 8a shows iso-surfaces of stream-wise velocities u = 0 and u = −0.1U∞ of the wake
behind the sphere. The length of the wake Lwake is obtained by finding the distance from the surface of the sphere to
the tip of the blue u = 0 iso-surface. From Tab. I we observe that the results obtained using the finest mesh resolution
are around 3% below the drag and wake length values reported in literature [20–22]. However, the trend of our results,
7FIG. 6. This flow chart represents the simulation procedure for obtaining one point in the drift and turn angle plots. Starting
with the given body (sphere with an appendage of fixed aspect ratio A and length L), n configurations with different turn
angles around y axis are constructed. Each configuration is investigated using steady Navier-Stokes solver. Combining the
simulations, we obtain the torque, drift and drag coefficients as functions of the turn angle. The equilibrium angle θ0 is found
when the torque coefficient is zero.
as the mesh is refined, is towards the data from literature. The change between different meshes is very small – drag
and wake length change by roughly 1% after each reduction of the mesh size by a factor of two. The convergence
is slow due to the employed low-order finite-volume method. For more accurate results high-order methods, such as
spectral-element method[24], should be employed. This is, however, not the main aim of the present work. For our
purposes, we consider mesh B to be a satisfactory compromise between accuracy and computational demands. This
mesh, which will be used throughout the current work, consists of around 1.6 · 106 cells in total. The mesh spacing at
the sphere is ∆x = ∆y = ∆z = 0.0125D, whereas at the outer boundaries of the domain it is ∆x = ∆y = ∆z = 0.4D.
Now we consider the sphere with an appendage. In order to verify that the numerical simulations are consistent, we
carry out drag, lift and torque computations for sphere with appendage using meshes A, B and C. The appendage
has aspect ratio A = 0.2 and length L = 0.50D; the body is turned using various turn angles. The obtained drag,
drift and torque coefficient values changed less than 2% for the turn angles considered in this work. Therefore we
have concluded that the accuracy of our numerical scheme is sufficient to capture changes induced by an addition of
an appendage.
To obtain the stable equilibrium angle arising due to IPL instability, a series of turn angles must be investigated
in the fixed body framework, thus imitating the freedom of rotation around y axis. The simulation procedure is
schematically illustrated in Fig. 6 using a flow chart. Given aspect ratio A and appendage length L, we carry out n
steady simulations for turn angles θ ∈ [−40◦, 40◦] using step of ∆θ = 4◦. From each simulation, we compute three
integral observables,
Cdrag =
Fdrag
1
2ρfU
2∞
pi
4D
2
, Cdrift =
Fdrift
1
2ρfU
2∞
pi
4D
2
and CTy =
Ty
1
2ρfU
2∞
pi
4D
3
, (6)
corresponding to the drag coefficient Cdrag, the drift (or lift) coefficient Cdrift and the torque coefficient around y-axis,
respectively. Specifically, the forces Fdrag and Fdrift are defined by
Fdrag =
 ∫
∂Ωs
τ · n dS
 · eˆx, and Fdrift =
 ∫
∂Ωs
τ · n dS
 · eˆz, (7)
Drag coefficient Cdrag Length of wake Lwake
Mesh A (∆s = 0.025D) 0.7371 1.380
Mesh B (∆s = 0.0125D) 0.7463 1.401
Mesh C (∆s = 0.00625D) 0.7546 1.410
Johnson and Patel[20] 0.7759 1.458
Gushchin and Matyushin[21] 0.7720 –
Tomboulides et al.[22] – 1.431
TABLE I. Drag coefficient Cdrag and wake length Lwake are reported for the flow around fixed sphere at Reynolds number
Re = 200 using three different meshes (mesh spacing ∆s at the surface of the sphere is shown in the parenthesis). For
comparison, numerical results by Johnson and Patel[20], Gushchin and Matyushin[21] and Tomboulides et al.[22] are also
listed.
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FIG. 7. Frame (a) shows the torque coefficient CTy around the y-axis as a function of the turn angle. The blue and the red
triangles correspond to the parameters A = 0.7, L = 0.7D and A = 2.5, L = 0.16D, respectively. Frames (b) and (c) show
the drift coefficient Cdrift and drag coefficient Cdrag, respectively. Each marker in the plot corresponds to one steady numerical
simulation.
where τ is the fluid stress tensor and ∂Ωs is the surface of the body. The torque is obtained from
Ty =
 ∫
∂Ωs
r× (τ · n) dS
 · eˆy, (8)
where r is the radius vector, pointing from the center of the body to each point on the body surface. For simplicity,
we have assumed that the appendage is so thin that the center of the mass for the sphere with an appendage coincides
with the center of sphere itself. The torque is evaluated with respect to the axis that goes through the center of the
sphere.
IV. IPL INSTABILITY AND EQUILIBRIUM SOLUTIONS
IV.1. Forces and drift angle for an awl-like appendage (A = 0.7, L = 0.7D)
We begin with illustrating the IPL instability on an appendage with aspect ratio A = 0.7 and length L = 0.7D, as
shown in Figs. 4, 8b and 10a (middle). Using the numerical procedure described in the previous section and shown in
Fig. 6, we obtain the torque coefficient CTy, the drift coefficient Cdrift and drag coefficient Cdrag for different values of
the turn angle; the results are shown in the interval θ ∈ [−15◦, 15◦] with a blue line in Figs. 7a,b and c, respectively.
The drag coefficient (Fig. 7c) exhibits a minimal value at zero turn angle θ = 0◦, i.e. Cdrag = 0.7462, which is very
close to the value of the sphere alone. We observe that the drag increases with the turning angle linearly. However,
the increase is roughly 1%, which means the drag force is rather insensitive to the appendage in this range of angles.
Next, we provide a physical explanation of the torque and drift force on the body as the body is turned towards
negative angles. If the body is turned towards positive angles, the same mechanism takes place but in the opposite
direction. Therefore the plots in Figs. 7a and b are antisymmetric. When the turn angle is zero θ0 = 0
◦, there is zero
torque (equilibrium solution) and zero drift force, which is expected, since the flow behind the sphere with a straight
appendage at Re = 200 is symmetric with respect to plane z = 0. As the body is turned towards negative angles
θ → 0−, the pressure force below the appendage (i.e. the side of the appendage nearest z = 0 plane) is larger than the
pressure force acting from the upper side of the appendage. This results in a net normal force on the plate that would
turn the plate further away from the straight θ = 0 position and towards negative angles, θ < 0, if rotation would be
allowed. This is manifested by the negative torque around the y-axis for θ → 0− shown in Fig. 7a. The positive drift
force (Fig. 7b) is produced by the same mechanism after the force is projected onto the z-axis. Roughly speaking,
the normal force on the plate is proportional to ρ(UR · eˆn)2, where eˆn is normal vector of the plate surface. The net
normal force arises from the fact that the reversed velocity projected in the direction of eˆn is larger below the surface
than above it. The relatively fast reversed velocity in the back flow region towards the bottom of the appendage can
be seen in Fig. 8b when θ = −11.3◦.
As the appendage is turned towards negative θ, the normal force from the upper side of the appendage grows,
because part of the appendage (the tip) protrudes the region containing a reversed flow and is exposed to very fast
forward flow (see again Fig. 8b). In Fig. 8c we show the pressure difference between the lower surface (smaller z values)
and upper surface (larger z values) of the appendage. One can clearly see that the normal force changes direction at
the zero pressure difference iso-contour (black line). When the normal force above the plate has grown sufficiently
9large, the negative torque becomes positive and the plate is pushed back towards z = 0 plane. The positive torque
for θ < −11.3◦ can be observed in Fig. 7a. Note that although the torque changes sign, the drift and drag forces
remain positive for all negative angles in the range shown in Fig. 7b. The net normal force is therefore in the same
direction, but the torque changes sign because the lever arms to positive and negative normal forces are different. In
other words, the magnitude and surface area of the pressure difference distribution in the + region is larger compared
to the − region, which results in a larger force on the + region compared to the − region, as illustrated schematically
in Fig. 12b.
From the torque coefficient plot Fig. 7a one can observe that – in addition to θ = 0◦ – there are two equilibrium
(zero-torque) points, which are θ0 = −11.3◦ and 11.3◦. At the equilibria, the torque from these forces should be
roughly balanced due to difference of the level arm. Having identified three equilibrium angles (θ = 0◦,±11.3◦)
governed by zero-torque condition, one has to determine, if the states are stable solutions. The stability condition for
the equilibrium turn angle is
∂CTy
∂θ
∣∣∣∣
θ=θ0
< 0,
which essentially states that if the body is rotated away from the equilibrium angle by some external perturbation, a
restoring torque will appear, which will turn the body back to the equilibrium angle. If this condition is not met, then
the equilibrium is unstable, i.e., any perturbation on the turn angle will cause torque, which would turn the body
even further away from the unstable equilibrium turn angle. One has to recall the simplification, in which the freely
falling body is replaced with a fixed body at different turn angles. Therefore dynamic instabilities, which would not
be exposed by the current investigation technique, can not in principle be excluded.
For the current appendage torque (Fig. 7a), equilibrium angles θ0 = −11.3◦ and 11.3◦ fulfil the static stability
condition, while the aligned equilibrium angle θ0 = 0
◦ is unstable. After determining the equilibrium lift and the drag
coefficients Cdrift0 and Cdrag0, we find the corresponding drift angle α from
α = arctan
(
Fdrift0
Fdrag0
)
= arctan
(
Cdrift0
Cdrag0
)
= arctan
(
0.06304
0.7529
)
= 4.8◦,
which is also the angle formed between the vertical direction and the path which the constructed body would follow if
allowed to freely fall. Note that the drift angle does not depend of the drift and drag coefficient normalization factors
introduced in expressions (6), such as the projected area.
IV.2. Forces and drift angle for a wide appendage (A = 2.5, L = 0.16D)
Next, we consider a wide and short appendage as shown in Figs. 9a and 11j, for which the aspect ratio is A = 2.5
and length is L = 0.16D. This appendage experiences the same instability as the awl-shaped appendage (A = 0.7)
discussed previously and can be physically understood in a similar way. However, because the appendage is wider than
the sphere, the whole body experiences a significantly higher drag force than the sphere alone. The drag coefficient,
shown in Fig. 7c (red color), increases more rapidly with the angle compared to awl-shaped appendage, because the
surface area exposed to the free-stream increases.
The torque and drift force coefficients are qualitatively similar to the awl-shaped appendage, i.e. anti-symmetric
with respect to θ = 0. The difference is that the wide appendage protrudes the back flow region from the lateral
sides. Fig. 9b shows the difference between the pressure above and below the plate. We observe that the destabilizing
pressure force covers nearly the entire appendage, except for two patches on the sides that are exposed to the fast free
stream and therefore also to a stabilizing force. From Fig. 7b, we clearly see that the drift force is positive for negative
angles (as for A = 0.7). For this appendage however, the direction of the drift force cannot be explained by arguing
that the lever-arm to the positive pressure region is shorter than the lever-arm to the negative pressure region. The
IPL moded developed for 2D bodies and summarized in section II is based on the assumption that the modification
of the back flow region due to the presence of the appendage is small, which is not the case for such a wide appendage
as investigated here. In other words, the pressure distribution around the sphere is significantly modified due to the
wide appendage, which means that, when determining the direction of the drift, it is not sufficient to characterize
forces on the appendage alone and the side force on the sphere should be investigated.
For the wide appendage, we find two equilibria at turn angles θ = ±8.1◦ that satisfy the stability condition. This
body, if it were to fall freely under gravity, would therefore drift at an angle of 2.2◦. We thus note that wide and short
appendages do not exploit the IPL instability as efficiently as the slender awl-like appendage for generating drift. In
the following section, we investigate a range of aspect ratios and appendage lengths in order to find the appendage
that induces maximum drift of the whole body.
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FIG. 8. Frames (a) and (b) show the wake behind the sphere at Re = 200 without and with appendage (L = 0.7D, A = 0.7,
θ = −11.3◦), respectively. Note that the flow field reported in the frame (b) has been obtained by solving additional steady
problem at the determined equilibrium turn angle θ = −11.3◦. The blue iso-surface corresponds to zero streamwise velocity
u = 0, while the red iso-surface corresponds streamwise velocity u = −0.1U∞. The blue iso-surface has been made transparent
to better observe the encompassed negative streamwise velocity iso-surface. Frame (c) shows the pressure difference – between
bottom and top of the appendage – distribution over the appendage; zero contour-line (∆p = 0) is depicted by a black line.
V. APPENDAGES FOR IPL INSTABILITY AND LARGEST DRIFT
V.1. Critical and optimal lengths for awl-shaped appendage (A = 0.7)
Going back to the appendage with A = 0.7 discussed in section IV.1, we now continue by characterizing the turn
and drift angles for different lengths of the appendage. We start from L = 0.05D and increase the length by steps of
∆L = 0.05D until we arrive with lengths, at which the IPL instability is not present any more. Fig. 10a shows the
appendage – sliced at the (x, y) plane at a zero turn angle – with fixed aspect ratio A = 0.7 and lengths L = 0.2D,
0.7D and 1.2D (from left to right, respectively). In Fig. 10b, we show the obtained turn angles for all of the appendage
lengths considered for the aspect ratio A = 0.7. Note that for each L, the stable equilibrium turn angle is obtained by
running a series of turn angle simulations – as described in section IV and flow chart in Fig. 6. If the equilibrium turn
angle is not found in interval θ ∈ [−40◦, 40◦], the computational angle interval is extended to encompass the stable
equilibrium. From the Fig. 10b, we can conclude that similarly as for the 2D bodies (see Fig. 1c), if the appendage
is longer than some critical length Lc, only the straight, free-stream aligned position of the body is stable. For the
current aspect ratio, the critical length is
Lc = (0.825± 0.025) D.
However, if the appendage is shorter than Lc, there appears non-zero equilibrium turn angles via a pitchfork bifurca-
tion. Note that the symmetric branch for the negative angles also exists but is not shown. As the appendage length is
decreased further, the turn angle increases, in a similar fashion as for the plate behind circular cylinder (see Fig. 1c).
For the two shortest appendage lengths the turn angle is reduced, which is a behaviour that has not been observed
for two-dimensional body. This reduction can be explained by the fact that the length of the appendage starts to
become comparable with the thickness of the appendage (∆s = 0.02D), in which case it can not be viewed as a planar
(a) (b)
u = 0
u = −0.1U∞ ∆p/ρfU
2
∞
FIG. 9. Frame (a) shows the wake behind the sphere with appendage (A = 2.5, L = 0.16D, θ = −8.1◦) at Re = 200. Note that
the flow field reported in the frame (a) has been obtained by solving additional steady problem at the determined equilibrium
turn angle θ = −8.1◦. Frame (b) shows the pressure difference distribution over this appendage with zero (∆p = 0) contour-line
depicted by a black line.
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FIG. 10. Frame (a) shows the appendages behind sphere with aspect ratio A = 0.7 and lengths L = 0.2D, 0.7D and 1.2D
(from left to right), sliced at z = 0 with plane (x, y). Frames (b) and (c) show, respectively, the turn and drift angles for all
appendage lengths investigated. Each marker in turn and drift angle plot corresponds to n steady numerical simulations.
appendage in the back flow any more and it is likely that the efficiency of capturing the pressure forces in the wake
is severely reduced.
In Fig. 10c, we show the obtained drift angles for the considered appendage lengths. Similarly as for the turn angle,
one observes that for appendage lengths L > Lc the problem is trivial – there is no drift angle present. However,
for shorter appendage lengths L < Lc the IPL instability appears and drift is generated. The drift angle quickly
reaches an optimal value α = 4.8◦ at Lmax = 0.7D, i.e., the largest drift for the current appendage shape. For shorter
lengths, the drift angle is nearly monotonically decaying. Small values of α for the long appendage (L ' 0.8D) can
be explained by its small turn angle, that is, there is a very small normal force generated on the appendage at small
θ according to two-dimensional force model (Eqs. 1–2). Small values of α for shorter appendages (L . 0.4D), on the
other hand, can be explained by the small surface area, with which the appendage can interact with the surrounding
back and forward flow. The small “kink” at L = 0.10D can be attributed to the reduction in the turn angle, i.e.,
slightly reducing turn angle going from L = 0.15D to L = 0.10D leads to better efficiency in generating the drift
force.
V.2. Critical and optimal lengths for appendages A = {0.2, 0.7, 1.4, 2.0, 2.5, 3.0}
We now turn our attention to the IPL-critical length and optimal-drift length for different appendage shapes. Under
the constraint of elliptic shapes only, we investigate the aspect ratios A = 0.2, 0.7, 1.4, 2.0, 2.5 and 3.0. Turn and
drift angles for all aspect ratios except for A = 0.7 and A = 3.0 are shown in Fig. 11. For the aspect ratio A = 3.0
the IPL instability was not observed. The first column of frames in Fig. 11 shows schematically the appendage shape
with length Lmax, which produces the largest drift angle between appendages with the given aspect ratio. We observe
that for small aspect ratios (A = 0.2, Fig. 11a) increasing appendage length L means extending appendage mainly in
the x-direction. However, for larger aspect ratios (A = 1.4, 2.0 and 2.5 in Figs. 11d, 11g and 11j) increasing length L
leads to appendage extension in the y-direction as well. Such a freedom is not present in 2D situation and it is likely
to introduce flow structures in the wake, which do not exist in 2D.
Comparing the turn angle curves in the second column (Figs. 11b, 11e, 11h, 11k and 10b) one can observe that
for intermediate aspect ratios (A = 1.4 and A = 2.0), the turn angle approaches some finite value at zero length,
suggesting that very small appendages, which has some surface area to interact with flow, will generate a significant
turn. In contrast, for small aspect ratios (Figs. 11b and 10b) the turn angle rapidly approaches zero, because the
appendage geometry is approaching a needle-like shape (thickness starting to be comparable to width and length
of the appendage), which most likely interacts with the back flow region in a different way compared to the planar
appendage. For example, it is possible that the needle-like appendage doesn’t have large enough surface area to
generate significant torque that would turn the appendage towards the wake attachment angle and therefore the turn
angle for short appendages approaches zero. On the other hand, for the largest aspect ratio (Fig. 11k) the zero turn
angle for short appendage can be explained by the fact that the surface area of the appendage exposed to the back
flow generated by the sphere is not sufficient for large enough destabilizing torque (that would lead to IPL instability)
to develop. By looking at the drift angle curves in the third column (Figs. 11c, 11f , 11i, 11l and 10c), one can observe
that for all appendage shapes there exists an optimal length Lmax, which yields the largest drift angle.
In order to summarize the results, we extract the critical length for the IPL instability Lc, the appendage length Lmax
yielding maximum drift angle, the largest drift angle αmax, the corresponding turn angle θmax and the corresponding
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FIG. 11. Turn and drift angle curves for different appendage shapes are shown. In frames (a,d,g,j) we show the appendage shape
with aspect ratios A = 0.2, 1.4, 2.0 and 2.5 and appendage lengths Lmax = 0.75D, 0.50D, 0.28D and 0.16D, respectively. The
length Lmax yields the largest drift. The second and third column show turn angle (b,e,h,k) and drift angle (c,f,i,l), respectively.
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FIG. 12. This figure shows authors’ impression of regions of positive “+” and negative “−” normal force of the elliptic
appendage. Frame (a) shows an appendage with small aspect ratio A = 0.2, for which the appendage is extending out of the
back flow region in x direction. Frame (b) shows an appendage with moderate aspect ratio A = 0.7, which also extends out of
the back flow region in x direction. Right frame (c) shows an appendage with large aspect ratio A = 2.5, which extends out of
the back flow region in y direction. Out of all these shapes, the one with A = 0.7 shows the largest surface area (region “+”)
exposed to destabilizing force.
total drag coefficient Cdrag from simulations of all appendage shapes. We also check the pressure drag Cdrag,p and
viscous drag Cdrag,µ contributions separately. We present the findings in Tab. II. From these results one can observe
that there exists an upper limit on the aspect ratio for elliptic appendages anchored to the center of sphere somewhere
between A = 2.5 and A = 3.0. The lower bound, however, we were not able to identify in this work. Looking at the
trend of Lc between different aspect ratios, one can state that smaller aspect ratio leads to larger critical length. The
appendage with a small aspect ratio is localized at the center of the wake, where the back flow region is the longest.
Therefore the appendage can extend longer compared to other appendages with higher aspect ratios without being
exposed to forward flow.
As for the drift angle, one can observe that there exists an optimal aspect ratio, which yields the largest drift angle
compared to other appendage shapes investigated. The optimal aspect ratio found in this work is Aopt = 0.7; with a
finer sampling of aspect ratios, the optimal aspect ratio should be somewhere in the interval Aopt ∈ (0.4, 1.1). The
reason that this particular and small aspect ratio induces the largest drift can be understood as follows. For smaller
aspect ratios, say A = 0.2, the appendage is relatively thin and long, that is, the surface area is small. We illustrate
our impression of the positive and negative force regions for this appendage in Fig. 12a. Consequently only a small
portion of the energy from the recirculation region can be used. Now, on the other hand, for larger aspect ratios,
such as A = 2.5, the appendage is rapidly extending from the back flow region in the y direction and by doing so, it
produces large stabilizing forces. Also, for this configuration, the surface area of the appendage that is exposed to the
back flow is relatively small, as sketched in Fig. 12c. However, the shape of the appendage with aspect ratio A = 0.7
is such that, while the appendage is extending out of the back flow region in the x direction similarly as A = 0.2, the
appendage is wide enough in y direction to take advantage of the width of the back flow region and recover larger
part of the energy present in the recirculation bubble. It is interesting to point out, that the turn angles θmax (see
Tab. II), corresponding to the maximum drift angle, are very similar over wide range of aspect ratios A ∈ (0.2, 2.0).
The reason for this similarity we leave as an open question.
Finally, we can see from Tab. II that increasing the aspect ratio leads also to an increased drag coefficient. For
example, if one changes aspect ratio from Aopt = 0.7 to A = 2.0, the drift angle is reduced by 40% but at the
same time the drag is increased by 13%. This increase of the drag can be partially attributed to the increase of the
A Lc Lmax αmax θmax Cdrag Cdrag,p Cdrag,µ
0.2 (0.875± 0.025) D 0.75D 3.4◦ 12.1◦ 0.7482 0.4113 0.3369
0.7 (0.825± 0.025) D 0.70D 4.8◦ 11.3◦ 0.7530 0.4090 0.3440
1.4 (0.675± 0.025) D 0.50D 3.6◦ 11.9◦ 0.8189 0.4195 0.3994
2.0 (0.520± 0.020) D 0.28D 2.9◦ 12.4◦ 0.8532 0.4390 0.4142
2.5 (0.380± 0.020) D 0.16D 2.2◦ 8.1◦ 0.8607 0.4436 0.4171
3.0 – – 0.0◦ – – – –
TABLE II. Critical length Lc and maximum drift angle αmax for all aspect ratios A of the elliptic appendage. Lmax is appendage
length, which yields maximum drift angle αmax at an equilibrium turn angle θmax. The corresponding drag coefficient Cdrag
is also reported (for the configuration, which gives the largest drift). In addition, both pressure drag coefficient Cdrag,p and
viscous drag coefficient Cdrag,µ is reported.
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FIG. 13. In frame (a) we show the total drag Cdrag around sphere with an appendage at an equilibrium state division in
pressure drag Cdrag,p and viscous drag Cdrag,µ for all considered aspect ratios A. In frame (b) we show the total surface area
of the body Stotal relative to the surface area of sphere alone Ssphere. Value of Stotal/Ssphere = 1.0 would show that the body
has a total surface area, which is the same as for the sphere.
total surface area of the body due to the addition of the appendage and corresponding increase in viscous drag. In
Fig. 13b we show how the ratio between the total surface area and that of sphere alone Stotal/Ssphere varies between
different aspect ratios. The total surface area of the body has been obtained by adding twice the surface area of the
extruding part of the ellipse to the surface area of the sphere. From Fig. 13b one can note that the total surface area
of the body is increased by around 40% when increasing the aspect ratio from 0.2 to 1.4. The pressure and viscous
drag contributions are presented in last columns of Tab. II and plotted in Fig. 13a. There we see that the viscous
drag increases more rapidly compared to pressure drag when going from aspect ratio 0.2 to 1.4. This rapid increase
corresponds to aspect ratio interval, in which the total surface area of the body increases the most. Therefore the
bulk of the drag increase can indeed be explained by the increased importance of the viscous drag. Larger values of
the total drag for higher aspect ratios than 1.4 most likely could be attributed to increase of the projected area of the
body, or in other words, to the extension of the appendage outside of the sphere wake (see Fig. 11g). An increased
drag could be advantageous, for example, in seed dispersion, where an increased drag increases time spent in air and
maximizes the effect that surrounding wind can have on the free-fall trajectory.
VI. CONCLUSIONS
In this work, we have used numerical simulations and the understanding of the physical mechanisms obtained from
the simple model presented by La¯cis et al.[5] to characterize the forces on three-dimensional bodies, consisting of a
sphere and a planar appendage in the shape of an ellipse. Our main results can be summarized in two points. First,
the IPL instability exists for a wide range of appendages, and the physical mechanism in three-dimensional setting
is exactly the same as in two-dimensional setting, despite the fact that the wake structure is much more complex.
We have explained physically the behaviour of forces for different turn angles by looking at the normal forces on the
appendage, the resulting torque from those forces and the projection of those forces in the drift direction. Second,
through a systematic parametric investigation of aspect ratios and appendage lengths, we were able to identify the
appendage (A = 0.7, L = 0.7), which leads to the largest drift angle (α = 4.8◦) of a body that would be free to fall at
Reynolds number Re = 200. We have explained this optimum solution by comparing different surface areas exposed
to back flow region. We concluded that for small aspect ratios the surface area exposed to back flow region is small,
because the shape of the appendage is thin. For large aspect ratios, on the other hand, the surface area exposed to
back flow region is small, because the extension of the appendage in y direction reduces the effect of IPL instability
very rapidly.
Further investigations of how the energy loss in formation of the recirculation behind a sphere or other bluff bodies
can be beneficially exploited to enable innovative passive control techniques. Already, the very simple configuration
studied in this paper shows that the induced side force by the appendage is significant, and can be considered as a
means to passively control the dynamics of bluff body wakes. For example, one may add appendages to spherical
particles to increase the dispersion, although further studies including particle-particle interaction remains to be
conducted. We also observed that larger aspect ratios yielded larger drag coefficients, which can be beneficial to
spend longer time in air during free fall motion, while still exhibiting some IPL drift. In future studies, we will
consider more complex elastic appendages such as appendages with holes and multiple planes similar to Fallopia
seeds[26] as well as more complex steady or unsteady wakes. For example, the wake behind sphere alone already at
ReSS = 212 for fixed sphere or at ReOS = 206 for freely rotating sphere[25] exhibits symmetry breaking. It would
be interesting to investigate in detail the interaction between this symmetry breaking and IPL instability. The direct
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numerical simulation of such complex bodies falling/rising freely is very challenging, and it is likely to be – at least
initially – modeled by a more sophisticated model than the one presented in [5]. One possible direction is to extend
the model of La¯cis et al.[5] from 2D to 3D, while another possibility is to investigate the weakly non-linear model
by Tchoufag et al.[27]. The latter model is able to predict oblique falling paths of disks and bubbles and could be
extended to more complex bodies in order to exploit the IPL instability.
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